The one-dimensional hydrodynamics of flows subjected to mass loading are considered anew, with particular emphasis placed on determining the properties of mass-loading shocks. This work has been motivated by recent observations of the outbound Halley bow shock (Neubauer et al., 1990), which cannot be understood in terms of simple hydrodynamical or magnetohydrodynamical descriptions. By including mass injection at the shock, we have investigated the properties of the Rankine-Hugoniot conditions on the basis of a geometric formulation of the entropy condition. Such a condition, which is more powerful than the usual thermodynamical formulation, serves to determine those solutions to the Rankine-Hugoniot conditions which correspond to a physically realizable downstream state. On this basis a concise theoretical description of hydrodynamic mass-loading shocks is obtained. We show that mass-loading shocks have more in common with combustion shocks than with ordinary nonreacting gas dynamical shocks. It is shown that for decelerated solutions to the Rankine-Hugoniot conditions to exist, the upstream flow speed u0 must satisfy u0 > Ucrit > Cs, where Cs is the sound speed. Besides the Usual supersonic-subsonic transition, mass-loading fronts can also admit a decelerating supersonic-supersonic transition, the structure of which consists of a sharp decrease in the flow velocity preceding a recovery and an increase in the final downstream flow speed. We suggest the possibility that such structures may describe the inbound Halley bow shock (Coates et al., 1987a). Both parallel and oblique shocks are considered, the primary difference being that oblique shocks are subjected to a shearing stress due to mass loading. It is conjectured that such a shearing may destabilize the shock. 
INTRODUCTION
Ever since the pioneering work of Axford [1964] ; Biermann et al. [1967] (hereinafter referred to as BBS), and Wallis [1971, 1973] , research into the interaction of the solar wind with a comet has tended to emphasize the large-scale global dynamics of the flow. Although the bulk of this and subsequent work was given over to the debate concerning the existence or nonexistence of a cometary bow shock, little attention was focused on investigating the properties of shocks dominated by mass loading. This may have been simply a consequence of the uncertainty surrounding the existence of such a structurel BBS used a hydrodynamical description in the presence of a cometary "fluid source" to argue for the existence of a strong bow shock. Wallis [1971] argued, however, that general mass loading of the solar wind may instead allow for the existence of a smooth supersonicsubsonic transition (a "bow wave") or, at least, a shock much Weaker than that advocated by BBS.
With the recent flyby missions to comets Giacobini-Zinner (GZ) in 1985 and Halley in 1986 it was hoped that the existence (or nonexistence) of a cometary bow shock would at last be confirmed and some of its properties determined. Unfortunately, the International Cometary Explorer measurements at GZ were not particularly Conclusive [Bame et al. 1986 opportunity to investigate in detail the structure and properties of shocks experiencing significant mass loading. Such a study can be initiated at various levels of sophistication and approximation, ranging from the one-fluid to the multifluid [e.g., Sauer, 1988; Zank, 1990 ] and kinetic descriptions [Omidi and Winske, 1987] . In this and subsequent papers (G. P. Zank and S. Oughton, manuscript in preparation, 1991; G. P. Zank et al., Mass-loading and parallel magnetized shocks, submitted to Geophysical Research Letters, 1991), we use the simple one-fluid model introduced originally by BBS extended to MHD. Our main concern in these papers is to elucidate the properties of mass-loading shocks and to distinguish these properties from those of classical shock theory. It is not widely recognized that with the inclusion of a mass-loading source term in the continuity equation, the nature of the gas dynamic equations is changed from convex to nonconvex (for which definitions are given later). This makes the equations of gas dynamics with mass loading extremely interesting, especially as regards determining the conditions under which shocks can exist without violating the "entropy" condition. In this respect, massloading gas dynamics resembles more closely the fluid dynamics of combustion [e.g. Landau and Lifshitz, 1979 ] than of ordinary nonreactive gas dynamics.
Our motivation for this work originated with the surprising Giotto observations data obtained on the outbound leg of the Halley encounter presented by Neubauer et al. [1990] and
Coates et al. [1990] . It was found that the transverse magnetic field in the shock plane possessed the characteristics of a switch-on shock even though the plasma beta (the ratio of the total plasma pressure to the magnetic pressure) was very high (in excess of 5). This is in marked contrast to classical MHD shock theory in which the existence of a switch-on shock is permitted only when/3•, < 2/ where •, is the adiabatic index of a perfect gas. Neubauer et 9440 ZANK AND OUGHTON: MAss-LOADING SHOCKS al. [ 1990] argued that the strong rotation of the magnetic field could be understood on the basis of mass-loading modified Rankine-Hugoniot (R-H) conditions. Unfortunately, their paper was more observationally oriented, and no detailed analysis of this problem was undertaken. An immediate and obvious question that arises concerns the existence of shocks in which the magnetic field is strongly rotated: a strongly rotated downstream magnetic field implies that the downstream gas pressure need not be as large as that for classical MHD shocks (in fact, if the magnetic field is sufficiently strongly rotated, solutions to the mass-loading modified R-H conditions can be found for which the downstream gas pressure is less than that upstream of the shock; that is, the shock is noncompressive (G. P. Zank et al., 1991) ). Can these shocks possibly exist, and how does one decide on the admissibility of a solution to the modified R-H conditions? In this paper we describe an approach to decide on such issues and apply these methods to the simpler hydrodynamic problem. We defer for subsequent papers the question of MHD. Even for the hydrodynamical problem, there exist significant differences between nonreactive gas dynamical and mass-loading shocks. Thus it is crucial that care be exercised in applying results obtained from classical gas dynamics to mass-loading structures such as cometary bow shocks.
This paper is organized as follows. In section 2 a mathematical treatment of the theory of shocks is presented in a way that seems plausible, but proofs are omitted. A simplified form of the one-dimensional gas dynamics equations with mass loading is presented in section 3, and an analysis for parallel and oblique planar shocks is carried out in sections 3.1 and 3.2. The results and implications are discussed briefly in section 4.
PRELIMINARIES
The second law of thermodynamics asserts that an "entropy" S per unit volume exists for which the property dS/dt -> 0 holds; that is, S increases when energy is converted from kinetic to internal energy. For ordinary gas dynamics it can be shown [e.g., Landau and Lifshitz, 1979] that only compressive shocks are thermodynamically admissible. Compressible shocks are equivalent, in gas dynamics, to shocks which undergo a supersonic-subsonic transition. For complicated reacting flows, such as combustible flows or mass-loading flows, where the thermodynamic properties are either extremely complicated or only partially understood, the physical notion of entropy is unlikely to be of much help in determining which solutions of the R-H conditions are physically sensible. Fortunately, however, the subject of weak or distribution solutions to hyperbolic systems of equations is a topic of considerable interest in the mathematical community, and a rigorous mathematical theory for systems of conservation laws has been developed [Lax, 1973] .
Consider the simple scalar conservation law //t +f(//)x = 0,
with initial data /t(X, 0) = /t r if X --> 0
where it is assumed that f(u) is a genuinely nonlinear function (i.e., f"(u) • O, thereby implying that f is convex). Typically, the problem (1), (2) has a continuum of solutions, so some principle is required to isolate the "physically relevant" solution. Equation (1) can be rewritten as
indicating that u is constant along the characteristics dx/dt = f'(u).
A piecewise continuous solution is a solution in the distribution sense if the Rankine-Hugoniot relation
is satisfied across the discontinuity, where brackets denote the difference across the discontinuity, and s is the velocity at which the discontinuity propagates. 
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The entropy inequality (6) states that the shock speed is 
In the light of this discussion we should admit a discontinuity (Ul, Ur; s) provided that for some index k, 1 < k < n, the following inequalities hold:
Ak(lir) < S < A k + l(Hr);
Ak_ l(U/) < S < •.k(Ul).
These inequalities define an entropy condition (sometimes called the Lax inequalities and here called the geometrical entropy condition), and any discontinuity satisfying (10) is called a shock (sometimes a k shock). The entropy condition can also obviously be written in the equivalent form
The extension of these ideas to a hyperbolic system of n equations is readily accomplished. Suppose that instead of the quarter-plane problem above, we have a discontinuity which moves with speed s (s = 0 for the quarter-plane problem) and let Al(u) < -" < An(U) denote the eigenvalues, i.e., the characteristic speeds of the system (e.g., for one-dimensional gas dynamics, the three eigenvalues are, of t t = const.
x-at = const. >0
• o<o Lax [1973] has shown that for an ideal gas a shock is compressive if and only if it satisfies the entropy condition (10). Thus for ideal gases the geometric entropy condition and the "physical" entropy condition obtained from thermodynamic arguments happen to coincide. This need not always be the case. The geometric entropy condition is stronger and may be needed for the construction of a unique solution, even under circumstances where thermodynamics has little to say.
The utility of the entropy condition (11) lies in its simple graphical representation in the (x, t) plane. At this stage, some definitions are in order. A family of characteristics is said to cross a discontinuity that satisfies the R-H conditions if through every point of the discontinuity in the (x, t) plane one can draw only one characteristic of that family, with the property that it is traceable backward in time on one side of the discontinuity and forward on the other. This corresponds to a family of characteristics crossing a discontinuity that is not required to prevent intersection of the characteristics. A family of characteristics is linearly degenerate if a discontinuity that satisfies the R-H conditions happens to coincide with a member of that family. The Co characteristic of gas dynamics is an example. A discontinuity separates a family of characteristics if through every point of the shock trajectory in the (x, t) plane, there exists a pair of characteristics which can be traced either backward or forward in time. The entropy condition (11) can therefore be reformulated as follows: A discontinuity satisfies the entropy condition if, when it separates the characteristics of a family, the characteristics on each side can be traced back to the initial data.
A family of characteristics is convex if a discontinuity satisfying the R-H conditions is either crossed by the family or separates the family. The C+ and C_ characteristics of ideal gas dynamics are examples of convex families.
A system of conservation laws is classified as convex if all families of characteristics are convex and if all the discontinuities admitted by the R-H conditions separate one and only one of the families. The isentropic gas dynamics equations are convex. If, however, at least one of the families is linearly degenerate and the others convex, then the system of conservation laws is linearly degenerate. The ideal gas dynamics equations represent the standard example. For any other possibilities the system is described as nonconvex, and compound waves are often needed to connect states and certainly to construct a solution of the Riemann problem. The most studied example of a nonconvex system is that of gas dynamics with combustion.
MASS-LOADING SHOCKS
As a comet approaches the Sun, neutral molecules and dust are liberated from the nucleus with a typical speed of 1 km s -1. After some 106 s the particles are ionized, whereupon they begin to gyrate about the interplanetary magnetic field. Since the gyration begins almost instantaneously on ionization, a common velocity of the plasma components is established (within the plane of gyration) very rapidly via pitch angle scattering [Neugebauer et al., 1987] . Thus besides validating the assumption of a common bulk velocity for all plasma components, it also suggests that one should choose the ratio of specific heats 3' to be 5/3, appropriate to 3 degrees of freedom, rather than the commonly used 3' = 2 (BBS) which takes into account only 2 degrees of freedom. In principle, because the ions cannot completely share their energy with the electrons, we assume that the electron component is cold and does not influence the large-scale flow. Finally, since the newly ionized particles have a very small initial velocity, they add negligibly to the overall energy and momentum balance so we need account for their presence only in the total mass flux equation. This assumption is relaxed by G. P. 
Ot Ox where e = pu2/2 + pe and e is the internal energy of the fluid. Here p denotes the fluid density, u = (Ux, Uy) the velocity field, p the gas pressure, and a --qmcd the "averaged" source term (q --average production rate of cometary ions, m c is the mass of a cometary ion, and d is the shock thickness) and, finally, s represents the speed of propagation of the shock. For an ideal gas (the case we consider),
y-lp'
so that e + p = « pu 2 + • p.
3'-1
The shock configuration is illustrated in Figure 3 for a left-facing shock propagating with velocity s. Some comments regarding our mathematical formulation (12)-(15) are in order. It should be recognized that in a "real" mass-loading system, such as occurs at comets, Venus, Mars, etc., mass loading is omnipresent over very extensive scales. Thus the upstream supersonic unshocked flow is already decelerated as a consequence of mass loading, and the flow velocity is therefore nonconstant ahead of the shock. To determine the location of the subshock, it is fron• sho To fit a gas subshock in order to affect a transition to the final downstream state, one needs to know only the state of the fluid immediately ahead of the shock and thereafter to apply the usual gas dynamic Rankine-Hugoniot conditions. A very clear exposition of this procedure as applied to cosmic ray mediated shocks is given by Axford et al. [1982] . Thus a typical calculation will neglect mass loading within the subshock and use the standard gas dynamical shock analysis to determine properties of the (sub)shock [e.g., Coates et al., 1987a Coates et al., , b, 1990 . As indicated in section 1, our intention is not to perform a global analysis of mass-loading flows (and thereby establish both the necessity and possible location of the subshock) but rather to investigate in detail the nature of the subshock when mass loading is assumed to occur within the transition. As we show below, this yields shock properties quite different from those of nonreacting gas dynamics. We do, however, make the assumption that the mass-loading term a is constant throughout the transition, but since the thickness of the shock is expected to vary as a function of incident gas Mach number M0, it is possible that a = a(Mo). We do not address this additional complication here. The other important assumption implicit in our analysis is that the actual thickness of the subshock transition is much less than the length scale of deceleration induced by mass loading in the foreshock region. This is equivalent to assuming that no steep gradients are present in the foreshock region, an assumption which is supported observationally at Halley but perhaps less clearly at comet GZ. We draw attention to one To proceed further, we need to classify the Hugoniot more precisely. To this end we can combine equations (28) 5. For S on the strong expansion branch, p l < PH, and the gas flow is subsonic ahead of the mass-loading front and supersonic behind. From Figure 10 it is evident that the front separates the C_ characteristics, but this separation does not satisfy the geometrical entropy condition even though S is consistent with the R-H conditions. Accordingly, we exclude strong mass-loading expansions.
In conclusion, we have excluded weak mass-loading compressions and strong mass-loading expansions on the basis of purely geometrical entropy conditions. It is not at all clear how one might have arrived at this conclusion simply on the basis of thermodynamic entropy arguments (see Zank [ 1991] for further discussion on this point). Furthermore, This indicates that the bow shock is subjected to a shearing stress as a consequence of mass-loading, something that sets it apart both from ordinary nonreactive gas dynamical shocks and combustion shocks. We conjecture that such a sheafing stress must lead eventually to the spontaneous destabilization of the shock front, presumably when the averaged mass-loading term • exceeds some critical value. It would be of interest to explore this question further and, in particular, to determine the relationship of an instability criterion to the oblique tangency condition ( 0--80ø) . The interpretation of these figures is substantially the same as that for the parallel mass-loading front case, and the differences in properties are readily perceived.
CONCLUSIONS
Mass loading is ubiquitous, occurring throughout the solar system. It is of importance both at the large-scale (magneto)hydrodynamic level as well as at the microphysical. With the in situ exploration of comets Halley and G-Z, as well as of Venus and Mars, we now have a unique opportunity to investigate the physics and properties of shocks subjected to mass loading. In this paper we have considered the simplest possible hydrodynamical model for both parallel and oblique shocks with a view to laying the foundations for future The properties of the oblique incident flow case are readily understood and interpreted in much the same way as are parallel shocks. An important difference, however, is that mass loading subjects an oblique shock to shearing stresses. This certainly has important consequences for magnetohydrodynamic shocks (as will be discussed elsewhere), and we have conjectured that such shearing stresses may lead, under some circumstances, to unstable shocks. This remains to be investigated.
